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Abstract

We prove small data energy estimates of all orders of differentiability between past null infinity
and future null infinity of de Sitter space for the conformally invariant Maxwell-scalar field system.
This allows us to construct bounded and invertible, but nonlinear, scattering operators taking past
asymptotic data to future asymptotic data. We also deduce exponential decay rates for solutions
with data having at least two derivatives, and for more regular solutions discover an asymptotic
decoupling of the scalar field from the charge. The construction involves a carefully chosen complete
gauge fixing condition which allows us to control all components of the Maxwell potential, and a
nonlinear Gronwall inequality for higher order estimates.

Studies of scattering go back to the beginnings of physics. Perhaps the most famous modern mathe-
matical treatment was developed in the 1960s by Lax and Phillips [33,34], who used spectral techniques
to study the scattering of a wave by an obstacle in flat space. In general relativity it is of interest to
study metric scattering, that is the effects of curved space on the asymptotic behaviour of fields. Around
the same time as Lax and Phillips were developing their framework, Roger Penrose discovered a way to
compactify certain spacetimes by conformally rescaling the metric and attaching a boundary, & [43,44].
He called the class of spacetimes admitting such a compactification asymptotically simple and the bound-
ary so attached null infinity, for this was where all null geodesics ended up ‘at infinity’. This led to a
brand new way of viewing the asymptotics of massless fields in general relativity: one works in Penrose’s
conformally compactified spacetime and studies the regularity of fields on .#, and then translates the
regularity in the conformally rescaled spacetime to fall-off conditions in the physical spacetime.

It was not until the work of Friedlander [19,20] in 1980, however, that it was understood that the
approaches of Lax and Phillips on the one hand and Penrose on the other could be combined into
a robust geometric formulation of scattering theory. Friedlander showed that, although one cannot
perform the same analytically explicit constructions in curved space, one can make sense of the Lax—
Phillips asymptotic profiles of fields by identifying them with suitably rescaled limits of fields going to
infinity along null directions. These became known as Friedlander’s radiation fields. The ideas of such
conformal scattering were taken up by Baez, Segal and Zhou [6-9] to study a nonlinear wave equation
and to some extent Yang-Mills equations on flat space, and later by Mason and Nicolas [35, 36] to
study linear equations on a large class of asymptotically simple spacetimes constructed by Corvino,
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Schoen, Chruéciel, Delay, Klainerman, Nicolo, Friedrich and others [12,13,15,16,30,31]. This spurred a
programme of constructing conformal scattering theories for various fields on a variety of backgrounds
and since then a number of works have appeared, many focussing on conformal scattering on black hole
spacetimes! [23,26,39,41,42]. It should be mentioned that there have been plenty of works studying
relativistic scattering theory without employing the conformal method, notably by Dimock and Kay in
the 1980s [17, 18] and later by Bachelot [3,4] and collaborators Nicolas, Hafner, Daudé, and Melnyk,
among many others, a programme which eventually led to rigorous proofs of the Hawking effect [5,37].

The above programmes were concerned mainly with asymptotically flat spacetimes. However, as-
tronomical observations have by now shown that the cosmological constant A in our universe, though
tiny, is positive [46,47,49,52]. It is thus of interest to study scattering, especially of nonlinear fields,
on de Sitter space. De Sitter space is the Lorentzian analogue of the sphere in Euclidean geometry and
one of the three maximally symmetric solutions to the vacuum Einstein equations as classified by the
sign of the cosmological constant, with flat Euclidean space corresponding to Minkowski space (A = 0)
and hyperbolic space corresponding to anti-de Sitter space (A < 0). As such, de Sitter space differs
from Minkowski space in several crucial aspects. Firstly, it is not asymptotically flat. Nonetheless, it is
asymptotically simple in the sense of Penrose [44] and so admits a conformal compactification. Secondly,
the positive cosmological constant, no matter how small, renders null infinity spacelike in de Sitter space,
which has implications for conformal scattering. In the asymptotically flat case the constructions of
Mason and Nicolas required the resolution of a global linear Goursat problem, which had been shown
by Hoérmander [25] to be solvable in some generality. In de Sitter space, however, a spacelike .# means
that the construction of a scattering theory instead requires the resolution of a regular Cauchy problem.
Thirdly, while obtaining flat space scattering and peeling results through conformal techniques is fine for
linear fields, nonlinear fields generically possess so-called charges at spacelike infinity [1,14,48]. This is a
major obstruction to constructing conformal scattering theories for nonlinear fields in asymptotically flat
spacetimes and is related to infrared divergences in quantum field theory [32,40]. The problem is entirely
absent in de Sitter space as it is spatially compact.

From an analytic point of view, it has been known since the work of Friedrich [21,22] that de Sitter
space is a stable solution of Einstein’s equations with a positive cosmological constant. Moreover, a
recent and much celebrated result of Hintz and Vasy has shown that Kerr-de Sitter black holes are
stable [24]. One therefore expects scattering results on de Sitter space to fit into a larger host of stories
on asymptotically de Sitter spacetimes. Other results in this vein have been obtained by, for example,
Vasy, Melrose and S& Barreto, [38,56]. From a more physical perspective, de Sitter space has the peculiar
feature that no single observer can ever observe the entire spacetime, in contrast to the Minkowski
case where an observer’s past lightcone eventually contains the whole history of the universe. This is
related to the existence of cosmological horizons, null hypersurfaces criss-crossing the Penrose diagram
of de Sitter space. Their existence has implications for the definition of a classical scattering matrix: the
construction of one requires a timelike Killing or conformally Killing vector field, and here one has a choice
in de Sitter space. One might wish to use the Killing field provided by the standard static coordinates,
i.e. the coordinates an observer at the south pole in de Sitter space might use for themselves, but this
is problematic as it fails to be timelike and future pointing beyond the cosmological horizons. Another
approach is to conformally compactify de Sitter space and embed it in the Einstein cylinder, where
one has a natural globally timelike Killing field which becomes conformally Killing in physical de Sitter
space. This can then be used to define an observer-oblivious classical scattering matrix in de Sitter space.
We adopt the latter approach here. The importance of the construction of such scattering matrices for
quantum gravity in de Sitter is explained well in [53] and the references therein.

This paper is organized as follows. In Section 2 we state the conventions and notation used in the
paper, and in Section 3 we introduce the conformally invariant Maxwell-scalar field system that we
subsequently study. In Section 4 we describe de Sitter space dS;, a number of standard coordinate

1See also [27,55] for some results in interiors of black holes.



systems on dSy, its conformal compactification, and our choice of energy-momentum tensor for the
Maxwell-scalar field system on the conformally rescaled spacetime. In Section 5 we state the main results
in detail. Sections 6 and 7 contain a detailed derivation of the required gauge fixing conditions, the
formulation of the Cauchy problem for our system, and an existence theorem. Sections 8 to 10 contain
the inductive energy estimates on which our results rest. Sections 11 to 13 finish off the proofs of the
main results.

1 Results

We prove small data energy estimates of all orders of differentiability m between .#~ and £ of de
Sitter space for the conformally invariant Maxwell-scalar field system and show the existence of small
data scattering operators .7, for all m > 2. These estimates rely crucially on the subcritical nature
of the nonlinearity of the Maxwell-scalar field system in four dimensions. We find that, using a careful
choice of gauge, it is possible to control all components of the Maxwell potential and the scalar field, and
close the estimates using a nonlinear Gronwall inequality. We may initially state the main theorem as
follows. The full statements of the main theorems can be found in Section 5.

Consider the Penrose diagram of de Sitter space and an initial surface ¥ ~ S3, as depicted in Figure 1.

j+

North Pole South Pole

-

Figure 1: The Penrose diagram for dS4. The wavy red lines represent the forward and backward wave
operators #,t.

Theorem 1.1. For any m € N, the H™ @ H™' norm on null infinity of the rescaled solution of the
Mazwell-scalar field system is equivalent to the H™ @ H™~! norm of the initial data, provided the initial
data is sufficiently small.

Using these estimates, we construct bounded and invertible, but nonlinear, wave and scattering op-
erators.

Theorem 1.2. For any m > 2 there exist bounded and invertible, but nonlinear, forward and backward
wave operators T?,:L mapping small H™ @ H™~ ' Maxwell-scalar field data on X to small H™ & H™1
Mazwell-scalar field data on .+, and a bounded invertible scattering operator

S = E;Ln o ((5;1)71

mapping small H™ @ H™ ' Mazwell-scalar field data on F~ to small H™ & H™~! Mazwell-scalar field
data on I+,



As a corollary, our estimates also imply exponential decay rates for the Maxwell-scalar field system
on de Sitter space with small H? @ H'! initial data. The decay rates are a partial extension of the results
of Melrose, S4 Barreto and Vasy [38].

Corollary 1.3. The scalar field and the components of the Mazwell potential decay exponentially in
proper time along timelike geodesics approaching .¥ .

In addition to their interpretation in terms of peeling and conformal scattering, our results may also be
seen as a fixed background stability result in the spirit of Friedrich, Svedberg and Ringstrom [21,22,50,54].
It is worth mentioning that the estimates we prove here are explicit, allowing us to define the sets of
scattering data and read off precise decay rates.

Since the nonlinearities are of the same order, in principle there is no obstruction to extending our
estimates to the Yang-Mills-Higgs system on de Sitter space. As a result, the same scattering and decay
results should apply there.

2 Conventions

We use the spacetime signature (4, —,—, —). Our main estimates will be performed on the FEinstein
cylinder € = R x S with metric ¢ = gr @ (—s3), where s3 = ggs is the standard positive-definite metric
on S3. We will use Penrose’s abstract index notation and use the Roman indices a, b, . .. to refer to tensors
on ¢ and contractions with respect to the full spacetime metric ¢ (or sometimes a general spacetime Jl
with metric g), and use the Greek indices y, v, ... to refer to tensors on S and contractions with respect
to the metric s3. At a certain point we will also use the indices i, j and k to refer to a basis of vector fields
on S, but this will be made explicit at the time. We will use V to denote the Levi-Civita connection
of the full spacetime metric ¢ (or a general metric g), and ¥ to denote the Levi-Civita connection of s3.
Thus, as ¢ = gr © (—53) = 1 © (—s3), we shall have V = VR @ V2 = 9@ ¥. We will use dv to denote
the volume form of the full spacetime metric (e or g), and dvs, to denote the volume form of s5. In the
case of (&, ¢) we will thus have dv = d7 Advs,, 7 being the coordinate on R. For a 1-form A on € we will
use A to denote the projection of A onto S?, Ag to denote the component of A along 9., and dot (as in
A) to denote differentiation with respect to 7. The Lebesgue and Sobolev norms LP and H™ of a scalar
or vector will refer to LP(S?) and H™(S*), unless specifically stated otherwise. Occasionally we shall use
the symbol = to denote equality on null infinity .# (see Section 4).

We will also adopt Penrose’s sign convention for the curvature tensors, meaning that the Riemann
curvature tensor R, will satisfy

[V, V] X = —R®,, X<

The Ricci tensor and the scalar curvature will then be defined as usual,

Rap == R° R:=R,",

ach’

so that in these conventions the scalar curvature of, for example, a 3-sphere with the positive-definite
metric s3 will be negative, —6 to be exact. However, since our metrics will be of signature (4, —, —, —),
that will mean that a spacelike 3-sphere in our construction will have positive scalar curvature equal to
6.

3 The Conformally Invariant Maxwell-Scalar Field System

Let (M, g) be a 4-dimensional Lorentzian manifold and consider the Lagrangian density

1 1. — 1
L=—"F,F*®+ -D,¢D% — — R|¢|> 3.1
g faF + 5 ¢D*¢ 12 o], (3.1)



where Fy, = 2V, Ay is a real 2-form called the Maxwell field, A, is a real 1-form called the Maxwell
potential, ¢ is a complex scalar field on 4, R is the scalar curvature of gup, and Dy = V0 + 14,0,
where V, is the Levi—-Civita connection of g,;. The differential operator D, is called the gauge covariant
derivative. The Euler-Lagrange equations associated to (3.1) are

VPF,, =1Im (¢D,¢) and D Dg¢ + %Rq& =0. (3.2)

The Maxwell-scalar field system (3.1) is the simplest classical field theory exhibiting a non-trivial gauge
dependence. Indeed, the 1-form A, is not uniquely determined by the 2-form Fy;, and any transformation
of the form

Ay — Ay + Vax

leaves F,; unchanged. This transforms
Du¢p = Vad +ida¢ — Vad +i(Aa + Vax)d = e~ XDy(e™9),
so that if one makes the corresponding transformation
¢ r— e X,

the Lagrangian (3.1), and thus also the field equations (3.2), remain unchanged.

Remark 3.1. The gauge covariant derivative D, acting on ¢ is a connection on a principal bundle P over
J with fibre U(1). This connection is represented by the real 1-form A, on J{ in any trivialisation of P,
where the factor of ¢ in D, comes from u(1) = iR. The scalar field ¢ is a section of a complex line bundle
over Jl associated to P by the representation e’X of U(1).

Consider a conformal rescaling of (M, g),
gab = ngab' (33)

It turns out that in many cases it is possible to fully or partially compactify 4 by choosing the conformal
factor €2 so that it compensates for the divergence of distances with respect to the physical metric g
and attach the boundary .# := {Q = 0} to J; this is Roger Penrose’s notion of asymptotically simple
spacetimes first described around 1963 in [43] and [44]. For our purposes it will be sufficient to assume
that the spacetime Jl is regular eno/lﬂgh so that it may be compactified in this way to make a smooth
compact manifold with boundary, M := M U ., although weaker, partial compactifications leaving
singularities at a finite number of points in the Egundary are widely used to study, for example, black
hole spacetimes [26,35,36,39,41,42]. We equip 4l with the rescaled (also called unphysical) metric Gap
and call the spacetime (J/I/L\, J) the rescaled spacetime.

It is possible to transport the fields (Ag, ¢) into the rescaled spacetime a by weighting them ap-
propriately by the conformal factor 2 so that the field equations (3.2) are preserved in J. The correct
choice of conformal weights for (A4,, ¢) are (0,—1),

Ay = Aa» QB:: Qil(ba

and we show below that this implies the conformal invariance of the Maxwell-scalar field system (3.2).
Under the rescaling (3.3) the Christoffel symbols I'¢, of g, transform as

o =T + Tl + Te0? — Taggue,
where Y, :== Q719,Q = 0, log Q, and using this one calculates that

1 1 ,~ -
_7FabFab _ _7Q4FabFab
4 4



and

1 — 1 4 == 1 — .
5Da6D7G = SQD,D%6 + S0 (2T, Re(9D?0) + 4 TuT[[2)
Moreover, because in 4 dimensions the scalar curvature R transforms as (see [45], eq. (6.8.25))

1 02 iA_lAa lAab
ER_Q <12R 2V Ta+29 TaTb>,

one has 1 ) 1
_ 2:_7Q4A 212 794(Aaﬁr _Aaber) A2.
SRIOE = — SO RIGR + 501 (V0T — 51 1) 10

Adding these together one sees that the Lagrangian transforms as
ap, Lo Aa i 2 q 212
L=Q'L+30 (ﬂa Re(dDed) + (VOT,)|9) )
~ 1 ~ ~ A o
= QL+ S0t (T VA(92) + (VTa)[92)
~ 1 A ~
=Q'L+ 5Q‘*va(\gz)mfa).

Now the volume form dv of 4 is related to the volume form dv of by dv = Q_4d/;, so the action

S:/Edv
J

S:S+1/ va<|¢3|2ra>a:§+l/ 101200500, 1 dv. (3.4)
2 Ja 2/)s

transforms as

In other words, S is conformally invariant up to a boundary term. Since the Euler-Lagrange equations
arise from a local variation of the action, this implies the conformal invariance of the field equations (3.2).

4 De Sitter Space
4.1 Global Coordinates and Conformal Compactification
The (3 + 1)-dimensional de Sitter space dS, is defined to be the hyperboloid

9 1

|$|2—$o: 2

in (4 + 1)-dimensional Minkowski space

m = dxd — d|z|? — |z|%s3,

where |x| = \/27 + 22 + 22 + 22 and s is the standard metric on the 3-sphere {|z| = 1}. If we set
Csinh (Hy), o] = - cosh (Hy)
To = — sin , x| = — cos ,
0= F n H n
so that 1 is a coordinate on dS,, the metric m descends to the metric ds? on dSy,

1
ds? = dn? — °e] cosh? (Hn) s3. (4.1)



This provides a global coordinate system on dSy and is known as the closed slicing of de Sitter space.
Note that the R x S topology is manifest in these coordinates. The metric (4.1) can be visualized as a
compact spacelike slice expanding in time 7, as depicted in fig. 2.

=7
! n

Figure 2: The closed slicing of dS.

To conformally compactify dS4, however, we need a further change of coordinates

tan (%) = tanh (T) .

B 1

- HZcos?t
where —7/2 < 7 < w/2. This makes it obvious as to what should be taken as the conformal factor © to
compactify dS4, namely

In terms of 7 the metric becomes

ds? (d7* —s3) (4.2)

Q= HcosT,

and we define
ds? = 02ds? = dr2 — 53 =:¢. (4.3)

In this conformal scale the hypersurfaces {r = +m/2} are regular, in contrast to the physical metric
(4.2). In fact, the metric ¢ clearly extends smoothly for all 7 € R, so one may consider the extended
spacetime (€,¢) := (R x S3 ¢) known as the Einstein cylinder. We thus identify compactified de Sitter
space dS; with the subset [—7/2, w/2] x S? of the Einstein cylinder € by attaching to (4.2) the boundary
S :={Q =0} = {|7| = m/2}. This boundary is the union of two disjoint smooth surfaces

f+:{T:g} and f_:{T:—g},

which we call future null infinity and past null infinity respectively. Note that .#* are spacelike hyper-
surfaces of &; the name null infinity derives from the fact that .#* is where all future (past) pointing
null geodesics in de Sitter space end up at infinity. Note also that the vector field T := /07 is a timelike
Killing field in &, and in particular it is automatically uniformly timelike since € is spatially compact.



j+

Figure 3: Compactified de Sitter space (/154 in the Einstein cylinder €.

As a result, T provides a uniformly spacelike foliation of & by the level surfaces of the coordinate 7 given
explicitly by F = {S2 := 8% x {7} : 7 € R}. Our energies will be defined with respect to F.

Remark 4.1. The fact that .# is spacelike is, of course, a consequence of the fact that dS, is a solution
to Einstein’s equations with a positive cosmological constant A,

Rab = )\gab-

Indeed, in general the norm squared on .# of the normal to . is
1
(Vo 2) (Vi) = g)\.

In the case of dSy, A = 3H? so that (V)2 = H? > 0. Note that H corresponds to the Hubble constant
in vacuum.

Writing the 3-sphere metric as s3 = d¢? + (sin? ()s, for ¢ € [0,7] and quotienting by the SO(3)
symmetry group of so we obtain the Penrose diagram for dSy,

j+
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Figure 4: The Penrose diagram for dSy.

The coordinate ¢ varies from 0 to 7 going from left to right, with the vertical lines {¢ = 0} and {¢{ = 7}
representing the North Pole and the South Pole respectively. The coordinate 7 varies from —7/2 to 7/2



going up, with the horizontal lines {7 = —7/2} and {7 = 7/2} representing past and future null infinities
# % as remarked earlier. The dashed lines are the past and future horizons for an observer at the South
Pole: a classical observer sitting at {¢ = 7} can never observe the region IT UIII, and can never send a
signal to the region IITUIV. Thus region I is the region of communications for an observer at the South
Pole, while region III is completely inaccessible.

4.2 Static Coordinates

A set of physical space coordinates on dS, that exhibit an explicit future-pointing timelike Killing field
in the region I may be constructed by defining
sin sinT

= tanh(Ht) =
"T Heost anh(Ht)

cos (
for 7 € (—w/2,7/2) and ¢ € (0, 7). Then the unrescaled dS; metric takes the form
ds? = F(r)dt? — F(r)~tdr? — r?s, (4.4)

where F(r) = (1 — H?r?). In these coordinates the cosmological horizons represented by the dashed lines
in fig. 4 are given by {r = 1/H}, .#F are given by {r = co}, the North and South Poles are at {r = 0},
and the four corners of the Penrose diagram are at {t = +oo}. The vector field /0t is manifestly a
timelike Killing vector in the region {r < 1/H}, but becomes null on the cosmological horizon {r = 1/H}.
It is future-pointing in the region I, past-pointing in the region III, and spacelike in the regions IT and
IV. The arrows in fig. 5 represent the directions of the flow of 9/0kt.

t =400
r=20
t =400 r=o0o0 t=—00

Figure 5: Static coordinates on dSy.

4.3 Choice of Energy-Momentum Tensor on ¢

From now on we denote by ¢ and A, the scalar field and Maxwell potential on the Einstein cylinder €,
and by ¢ and A, the conformally related physical fields on de Sitter space dSy,

¢ =010, Ay = A, (4.5)

where 2 = H cosT.
We define the energy-momentum tensor for the system (3.2) on & to be

1 E— 1 —— 1
Taobl¢, A] := —Fo e F,° + Zeachchd +D(a@Dy)¢ — SeaDedD ¢ + 5eab|¢|2
= Tab[A] + Tap [¢]

(4.6)



One can check by direct calculation that, as a consequence of the field equations (3.2), T, is conserved,
VT =0,

so Ty is suitable for defining a conserved energy for the system (3.2),
57'[(7253 A] = /‘5 TOO [¢a A] dv53 = \/"3 Tab[¢a A]TaTb dV53 . (47)
8 53
Since T is Killing on &, this clearly satisfies
d
—& 0, Al =0
Se.lo4

if the field equations (3.2) are satisfied. We call (4.7) the geometric energy for the system (3.2). We also
define the geometric energies for the individual sectors of the scalar field ¢ and the Maxwell potential
A,

Erlo] = . Too[] dvs,, &A= . Too[A] dvs, -

The sectorial geometric energies £, [¢] and £.[A] are not conserved individually and can exchange energy
throughout the evolution, but of course the total geometric energy &, [p, A] = E;[p] +E;[A] is. For m > 1
we also define the Sobolev-type approximate energies

Smld] = @13 m—r + |6]1Fm, Sim[A] == Sim[A] + S, [Ao],
SimlA] = [|A]| 31 + Al Fm, Sy ¢, Al == S, [¢)] + Sm[A],
SmlAo] = [|Ao|l3rm, Sy, Al = Sim[¢, A] + Spm[Ao],

where H = L2. Furthermore, for brevity we will often simply write S, to mean S,,[¢, A].

4.4 Scaling of Initial Energies

We will consider initial data on the hypersurface {7 = 0} = {5 = 0} and use the coordinate 7 and the
metric ¢ on the rescaled spacetime, and the coordinate n and the metric (4.1) on the physical spacetime.
By differentiating the relationship tan(7/2) = tanh(Hn/2) we find

H

- 4
4 cosh(Hn) G

so raising indices with ¢! = Q~2¢g~1, where g is the metric (4.1), we find that 0, and 0Oy are related by

cosh(Hn)
aq— = Tan

Furthermore, the conformal factor €2 in the global coordinates (4.1) is given by

H

O=H =——.
oS T cosh(Hn)

Consider the rescaled energies

Sl Al(T) = 191 (7) + M1 (7) + VA2 (7) + [ Al (7) + [ Aol 7 (7)-

10



On the initial surface {7 = 0} = {1 = 0} the conformal factor is a constant and has vanishing derivative,
0:-Q]-—0 = 0, so the rescaled scalar field ¢ is related to the physical scalar field ¢ by

_ 1 -
¢|T:0 = (Qilﬁb”'r:o = E(Mn:Ov

while their time derivatives are related by

. - - 1 -
Blrmo = (270,6 — (0,292 726) lr=0 = T150pl=0-

Since the conformal factor is independent of the S® coordinates, Y2 = 0, and the metric induced on
{n =0} by (4.1) is equivalent to s3, the rescaled and physical norms of the scalar field are equivalent,

11771 (T = 0) + [|8]|F (7 = 0) = (|8 @G (n = 0) + || ]| (n = 0),
where there is equality if H = 1. One similarly checks that
A2 (7 = 0) + [|A[[Fpn (7 = 0) = |0y A s (1 = 0) + [|A][77 (1 = 0)

and }
[ Aol 7m (T = 0) = [| Ay || Fm (n = 0),

where AodT + Apdat = A = A= flndn + Aﬂdfc", and z* are coordinates on S3. Thus
Sm|é, Al(T =0) ~ S, [0, A](n = 0), (4.8)

and also S,,[Ao](T = 0) =~ S,,[4,](n = 0).

5 Main Theorems

Definition 5.1. Let 3 be a Cauchy surface in dS4 and consider data for the Maxwell-scalar field system
on X the corresponding Cauchy surface in dS;. We say the data

(b0, Ao, é1, A1, a0) = (6, A, §, A, Ag)|x
is admissible if it satisfies the strong Coulomb gauge? and ag solves the elliptic equation
—Aag + |¢ol*ao = —Im(po¢r)
on X.

Theorem 5.2 (Energy Estimates). Let m € N. For suffieciently S;,[¢, A]-small admissible data on ¥
for the Mazwell-scalar field system on dSy ~ S® x [—m/2,7/2] in strong Coulomb gauge one has

Sm[¢, A(0) =~ S ¢, A](7)
for all T € [—n/2,7/2]. In particular,
Smld, A|(I7) = Silo, A|(I7),

where I* = {1 = £1/2} is the future (past) null infinity of de Sitter space dSy.

2See Section 6.1.
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Theorem 5.3 (Scattering for Small Data). For m > 2 let S%, be the subset of H™(X)? x H™ 1(%)? x
H™(X) of distributions ug of admissible data on ¥ and let St be the subset of H™ (I %)% x H™~1(F %)% x
H™( %) of distributions u™ of admissible data on .#* of de Sitter space, all equipped with the natural
norm \/Sy,. Denote by Be the open ball of radius € in (H™)* x (H™ )2 x H™, and write S, . = S9 NB,
and anﬁ = St N B.. Then for every m > 2 there exist 9,1 > 0, 0 < § < 1 and sets 97%,51 with
Syin’é C 9% _ C St such that

m,e1 m,E1

+

~, called the forward and backward wave opera-

(i) there exist bounded invertible nonlinear operators T

tors
TE.80 g9t cst

m,Eq m,eq m,eq?

such that u* = TE (ug) is the forward (backward) Mazwell-scalar field development of ug on dS,
restricted to S+, and

(ii) there exists a bounded invertible nonlinear scattering operator
S Doy — @7—;,51

given by
I =Th 0 (T,)7

such that ut = S, (u™) is the Mazwell-scalar field development of u™ on &§4 restricted to I .

Theorem 5.4 (Small Data Decay Rates). Let ¢ = Qb and A, = Aq be the physical fields related to
the conformally rescaled fields ¢ and A, by eq. (4.5). Suppose Sa[p, A] is small initially. Then the
Mazwell-scalar field development (¢, A) of this initial data satisfies the estimates

|Q~5‘ 5 eiH‘nL |1217]| S e*H|77|’ ‘A|53 S 1

as |n| = oo. Furthermore, in the static coordinates eq. (4.4)

~ ~ ~ 1 -

8] < e M1, Al S e, ERPS ~|Afs, <p e~

r
as |t| — oo and r is fired. Moreover, if Ss[¢, A] is small initially then there exists a constant ¢ such that
&~ ey + O (2

as t — 400, where &, = F(r)*l/ze*Ht is the e Ht eigenmode of the linear uncharged conformally
invariant wave operator on dSy.
6 Field Equations and Gauge Fixing
The field equations (3.2) can be written out in terms of the Maxwell potential A,

OA, — Va(VPA4p) + Ry A® = —Im (¢D, ) ,
1 6.1
O¢ + 214,V + (GR — A LAY+ iV“Aa> 6 =0. (6.1)

We shall be commuting differential operators into these equations, so it will be convenient to introduce
the operators representing their left-hand sides. For any 1-form w and any scalar field 1) we set

1
M(w)a = Owy — Va(Vew®) + Rypw® and  &S(1p) := DD,y + ng-
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The system (6.1) is then equivalent to
M(A)q = —Im (¢De¢) and &(¢) = 0. (6.2)

In the following sections we specialise to the case of the Einstein cylinder (&,¢). As noted earlier, for ease
of notation we will not hat any rescaled quantities on € and instead denote the corresponding physical
quantities on dS; with a tilde, as in ¢ or A,. For the metric ¢ we compute

R=6 and Rapdz®da® = —2s5.

6.1 Strong Coulomb Gauge
We will work in the Coulomb gauge adapted to the foliation F,

Y- A=0, (6.3)

but will also need to use the residual gauge freedom to fix the gauge fully. More precisely, given a
solution (A, ¢) to the Maxwell-scalar field system (6.1), a general gauge transformation sends ¢ — e~X¢
and A, — A, + Vo)X, and eq. (6.3) is imposed by solving the elliptic equation

Ax=-Y-A

on S2 for every fixed 7. This does not determine y uniquely: there is still the residual gauge freedom of
X F X + Xres., Where Xyes. Solves
AXres. =0

on each S2. Because S? is compact, the kernel of the Laplacian A is just the vector space of constant
functions, i.e. those Yies. Which satisfy ¥xies. = 0, but the 7 dependence in the Y,es. is still arbitrary.
Thus in the Coulomb gauge we have the residual gauge freedom

¢ e" X (Mg, Ag — Ag + Xres. (T), A A,

which allows one to choose
. 1 _
chs.('r) = 7|Si3| » AO(T) st3 = 7A0(7')

and so impose the additional gauge condition
/_10 (T) =0.

This determines x..s. up to the addition of a global constant, so there is very little remaining gauge
freedom. Indeed, constants are irrelevant for the gauge transformation of A, and only impart a constant
phase change in ¢, so we have now fixed the gauge as completely as possible. We call this stronger gauge
fixing condition

YA =0, Ag=0 (6.4)

strong Coulomb gauge. For us, the most useful feature of the strong Coulomb gauge will be the fact that
in this gauge Ay will obey the Poincaré inequality on each leaf S2 of F,

[ Aol z2(7) < C[|V Aol 2 (7).

13



In strong Coulomb gauge the field equations (6.1) are equivalent to the system

O + 2iAgp — 2iA - Yo+ (1 — A2+ A +idg)p =0,
OA + (2 + [¢[2)A = —Im(6Y ) + Y Ao,

— A4 + |92 Ay = — Im(¢9), (6.5)
W CA = Oa
Ao(T) =0.

We do not prescribe initial data on Ag since it is non-dynamical: it is completely determined by ¢ and
q5 via the elliptic equation on each slice of constant 7. It is convenient to incorporate the constraint
Y - A = 0 into the equations by projecting the equation for A onto divergence free 1-forms on S. Let P
be this projection (see Appendix A.1); then since

V- OA=0(V-A)—2Y-A =0

and .
curl YAy =0,

applying P to the equation for A gives
DA +2A + P (|¢]>A) = =P (Im(¢Y¢)) -
Thus the system (6.5) is equivalent to
06 + 2idod — 2iA - Yo+ (1 — A2+ |A|2 +idg)s = 0,
DA +2A + P (|¢]*A) = —P (Im(¢V9))

—AAg+ ¢ 40 = — Im(¢¢),
AO(T) = 07

(6.6)

provided one considers divergence-free initial data for A and A. Indeed, it is easily seen that v =¥ - A
satisfies
Cv =0,

so v = 0 whenever v = 0 and v = 0 initially.

In addition to the restriction ¥ - Ag = 0 = ¥ - A; on the initial data, the extra gauge condition
Ao = 0 restricts the set of initial data further. Suppose we prescribe initial data ¢(r = 0) = ¢o and
d(T = 0) = ¢,. We must then solve for Ay(r = 0) = ag by solving

— Aag + |¢ol*a0 = — Im(doé1), (6.7)

so we must choose the initial data so that this solution has ag = 0. Because A is non-dynamical, it is
not possible to write down an evolution equation for Ag, but the gauge Ay = 0 is propagated nonetheless.
This can be seen by simply replacing all instances of Ay in the system (6.6) with AS := Ay — Ag and
solving the system for A§ in the space of mean zero functions. While Ay need not part of the initial data
(prescribing (¢, A, b, A)|§] = (¢o, Ao, 1, A1) is enough), we can consider Ay as part of the initial data if
it is equal to the ag obtained by solving the elliptic equation initially.

We call data satisfying the above conditions admissible.

Remark 6.1. The condition ag = 0 is a condition on the initial data for ¢ and can be seen explicitly as
follows. Consider the operator

L= —A+|¢o|?

14



on S? and assume that ¢g is not identically zero (if it is, then the equation becomes Aag = 0 and we
can trivially choose the zero solution). We can classify the kernel of L if the data (¢g, ¢1) is sufficiently
regular, say (¢o,¢1) € H2(S?) x H(S3). Multiplying the equation Lu = 0 by u and integrating we get

/ Yul dvs, + / (60|22 dve, = 0,

so that Yu = 0. If u € H?(S?) — C°(S?), continuity of u and ||¢oul|zz = 0 imply that u = 0. Thus as an
operator from H?(S?) to L%(S%)3, L has trivial kernel. It follows from standard elliptic theory that the
equation Lu = 9 has a unique solution u € H?(S?) for ¢ € L?(S?), which we write as u = L~11. Since
(o, p1) € H?(S?) x H'(S?) ensures? that ¢g¢; € L?(S?), we have

ap = —L 7 Tm(god1) = (A — |¢o|*) " Im(o¢hr).

The requirement @y = 0 may thus be written as the condition
(@ =160 (o) dva, =0 68)
-

on the initial data (¢g, ¢1)-

Remark 6.2. If one defines the electric field E, := Fy,T?, then the index a = 0 Maxwell’s equation in
(3.2) reads B
Y - E = Im(¢Dg¢).

Integrating this over S® shows that

/ Im(¢Do¢) dv,, = 0.
SS

In flat space the same observation imposes precise decay rates on the eletric field E at spatial infinity °
(and in particular implies a non-zero r~2 term), so the source term Im(¢Dg¢) is said to correspond to
charge at i¥. Recent work by Yang and Yu [57] and Candy, Kauffman, and Lindblad [10] quantifies such
non-zero charge decay rates of the Maxwell-scalar field system in flat space. In de Sitter space, however,
one cannot have any charge at infinity since there is no spatial infinity.

Remark 6.3. The system (6.6) in principle exhibits the null structure of Klainerman and Machedon [29].
However, their original null form estimates [28] rely on the structure of the real numbers to use Fourier
techniques, and are not immediately extendible to curved space.

7 Well-Posedness

We state a classical theorem, due to Choquet-Bruhat, and apply it to our case. It should be noted that
the original theorem is slightly more general (for example, it considers the Dirac-Maxwell-Klein—Gordon
system), but we do not wish to clutter the presentation with unnecessary details. Let I be an interval in
R and let

Ep(S" x I) = () CE(I; H"H(S™))
k=0
be the standard finite m-energy space for hyperbolic systems. The following theorem elucidates why first

order (that is, H') energy estimates are insufficient to construct a scattering theory for the Maxwell-scalar
field system and why H? estimates are good enough (2 > 3/2).

3For ¢o,u € H?(S?) it is easy to check that |¢o|?u € L2(S?), so L does indeed map into L2(S?).
4In fact, H2(S3) - H'(S?) ¢ H'(S?), by Sobolev Embedding.
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Theorem 7.1 (Y. Choquet-Bruhat, [11]). Consider the system (3.2) on S" x R. Let T' be the timelike

unit normal to ST := S" x {1}, set E, = Wt = VaAg — A,, and suppose that we are given data a,
do € H™(SR) and E, ¢1 € H™(SB) satisfying the constraint

Y - E = aglgo|? + Im(go¢h1), (1)
where YV is the Levi-Civita connection on S§. Then there exists an interval I, = (—o,0) C R and

(Ag, @) € Epn(S™ x 1,,) satisfying the system (3.2) and the Lorenz gauge condition V,A* = 0 such that
Alsp =a, F-Tlgg =E, ¢lsp =¢0, dlsg = b1

if m > n/2. The supremum of such numbers o > 0 depends continuously on
My = |lallam + ¢ollam + @1l m—1 + B[ grm—

and tends to infinity as My tends to zero. The solution (A, @) is unique in E,,(S™ X I,) up to gauge
transformations preserving the Lorenz gauge.

Corollary 7.2. Consider the system (6.6) on € = S3 x R and suppose that for m > 2 we are given data
Ay, ¢o € H™(S}) and A1, ¢ € H™1(S}) satisfying the strong Coulomb gauge initially. Then there
ezists an interval I, = (—o,0) C R and (Ao, A, ¢) € E,(S® x I,) satisfying the system (6.6) and the
strong Coulomb gauge conditions Ag =0, ¥ - A = 0 such that

Alss = Ao, Al =A1, dlsg =0, olsz = b1
The supremum of such numbers o > 0 depends continuously on
My = ||ao||zrm + [[Aollarm + [ Axllzrm— + |@ollzrm—r + @1 ]| 1 = Sim[6, A](0)/?

and tends to infinity as Ms tends to zero, where ag is determined by ¢o and ¢, via the elliptic equation
(6.7) on'S3. The solution (Ag, A, ¢) is unique in E,,(S® x I,) up to gauge transformations preserving the
strong Coulomb gauge®.

Proof. Given admissible ¢g € H™(S}) and ¢; € H™1(S}), the equation
—Rag + |po|*ao = — Im(do1)

on S3 has a unique solution ag in H™ which by eq. (6.8) satisfies @y = 0. We define E := Vag — A,
which by construction satisfies (). We may thus apply Theorem 7.1. Note that we do not prescribe
Ay, but instead construct it so that the Lorenz gauge condition is satisfied initially. The Lorenz gauge is
then propagated by the equations (3.2) in Lorenz gauge (but note that, of course, the strong Coulomb
gauge is not). We thus have a solution (A,, ) € E,,,(S® x I,) of (3.2) satisfying V,A% = 0 throughout
S? x I,. Now perform a gauge transformation as in Section 6.1 to convert this solution to a solution
(Ag, A, ¢) € E,,(S? x I,,) of (6.6) satisfying the strong Coulomb gauge. It is easy to see that this gauge
transformation preserves FE,, regularity, while uniqueness up to gauge transformations is also clear. As
for the continuous dependence of o on the data, we note that

My = llallm2 + [|dollz + [[o1lla + Bl
S llaollz + [Aollm= + I dollzz + léallm + [Vaollm + [ Axllm
< llaollez + 1 Aollaz + 1ALl mr + ll¢oll 2 + l¢allr = Mo,

and similarly My < M;. Thus M; ~ M, and we are done. O

5Recall that the gauge transformations preserving the strong Coulomb gauge are just the trivial ones x = e for global
constants 6 € R.
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8 Energies

8.1 The Maxwell Sector

For ease of presentation we treat the Maxwell and the scalar field sectors of the energy-momentum tensor
T, separately. The energy-momentum tensor for the Maxwell sector in terms of the Maxwell field Fy,
on € is 1

Tab[F] =—F, °Fp. + ZeachdFCd,

or in terms of the potential A,
Tuw[A] = — VoAV A + VCA VA + VAV Ay — VEAV A

+ %eab (chdchd — VCAdVdAC) .

The Maxwell sector energy density with respect to the foliation F is given by the component
Too[A] = Ty TT
. . 1
= —AAc 4 24V Ag = VAV A + 5 (VeAVEAL =V, AgVEA°)

where in the above we have denoted by Ag := T*A, and Aa =TV}, A,. Note that the metric ¢ splits as
the direct sum ¢ = gg @ (—53), so in particular the full connection V also splits as V = VEQV* = 9, ® V.
This can also be seen at the level of the Christoffel symbols on € in Proposition A.3. Furthermore, there
is no curvature in the 7 direction (see Proposition A.5), so in particular 9, commutes with the 3-sphere
derivatives, [0;, ¥] = 0. We have

1. 1 1 . 1 v

Tool] = SAP + SV A + 5IVAP — A VAo — 5(V,A,)(F"A"). (31)

We impose the Coulomb gauge
Y-A=0
on each S? ~ S3 so that the last two terms become non-negative-definite upon integration by parts:
—A - VAg dv,, = / AgY - A dvg, =0,
s? 3

and

/SS _%(WMAV)(W”A#) dv,, = /3 (;A#W#V,,A” _ ;R(sg)wA“A”> dve,

S

= [ |AP dv.,.
S3
Thus the Maxwell energy on surfaces of constant 7 is

(c:.,— [A] = - TOO [A] stS (T)

=~ || A3 (7) + Al 72 (7) + [V Aol 22 (7)
= S1[A](7) + [V Aol 72 (7).
Imposing the additional condition Ay(7) = 0, one has that ||A0||2L2(Sg) < ||Y7A0||%2(Sg), SO
E[A] ~ S1[A](T) (8.2)

for all 7 € R.
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8.1.1 Higher Order Energies
More generally, for a 1-form « set
Tapla] = —VaeaViae + Véa,Viae, + VaaVeap — Ve, Veay

1
+ §eab (Vcadvcad - Vcadvdof) .

When «, = A, this is, of course, just the Maxwell energy-momentum tensor written out in terms of the
potential. As in eq. (8.1), we have

1, . 1 1 . 1 v
TOO[OZ] = §|Oé|2 + §|V040|2 + §|Y704\2 - aﬂ”ao - 5(%%)(?7 at).

Integrating by parts as before we obtain

57-[04] = \/S';; TOQ[Oé] C1V53

1 1 1
= [ |&]? dve, += | |Vaol? dve, += [ |Yal? dvs,
2 Jss 2 Jgs 2 Jgs

) 1
+/ oV 0 dv, —7/ IV - af? dve, +/ la|? dv, .
s3 2 Jss s3

For our second order estimates we will want to set oy = X'V, A, := Y; A, and sum over i for a basis of
vector fields {X;}; on S (e.g. a basis of left-invariant vector fields on S* ~ SU(2)). The first term in the

above is then clearly
dolaf =3 VA VA" = VAP,

the second term becomes

Z Vaol* = Z WuViAOWHViAO = |Y72Ao|2 +1lo.t.s,

i
the third term becomes

Z Yal? = Z WuWiAUWHViAV = |Y72A|2 + lo.t.s,

the fourth term, after commuting derivatives to impose the Coulomb gauge ¥ - A = 0, is

S aV,at =Y VAV, VA" = Lots,

and the fifth term similarly becomes

DIV ol = YV, VAT, VA = Lots,

where in the above we have written Wj =X J“ VW and the lower order terms are at most quadratic and
of order zero and one in derivatives of A,. The sixth and final term is

Z laf? = Z |V,A|*> =lo.t.s.
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The lower order terms can be controlled by &£,[A] ~ S;[A](7), so we can find a constant C' > 0 large
enough such that

ENAI+ Y ENViA] = C&[A] + Y & [V A]

= [|A 72 (7) + 1A 7 (1) + 1Y Ao | 71 (7)
= Sa[A](7) + ||V Aoll7: (7).

As before, the strong Coulomb gauge implies ||Ag|r2 < ||V Aol|L2, and so

&[Al + Z £V, A] = S2[A](7). (8.3)

Similarly, it is easy to see that the strong Coulomb gauge gives

m—1
3 &Y A = S [A](r),
k=0
where &; [WkA] denotes Y-, &V, ...V, Al
8.2 The Scalar Field Sector
The energy-momentum tensor for the scalar field sector on € is
— 1 = 1 9
Tab[¢] = D(a¢Db)¢ - ieach(bD o+ §eab|¢| y
and we calculate
1— 1
Too[¢] =[Dog|* — iDc¢DC¢ + §|¢\2

1 o Io—, 1
=5Dog| +2DM¢125 ¢+ 519l

and 1 1 1
&gl = §||Do¢||%z (1) + §||E¢|I2Lz (1) + 5|I¢||%z (1),

where Do¢ = ¢ +iAg¢ and B, = ¥, +iA,,. More generally, we set
5 I = 1 2
Tab[w] = D(awDb)w - ieachwD w + ieab|1/)|

and
1 1 1
&) = §||D0¢Hiz(7) + 5||M)II%2(T) + §||wui2<f>

for any complex scalar field 1) on €. As with the Maxwell sector, we will want to choose ¢ = V;¢ for our
second order estimates.
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8.2.1 Conversion Between Geometric and Sobolev Energies

Proposition 8.1. For any fired 7 € R and any sufficiently smooth complex scalar field 1 on & there
exists € > 0 small enough such that if S1[A](T) < e, then

V1172 (1) < &),
Proof. We suppress the 7 variable. Clearly
V9172 < 1B0I17: + |A%IZ: S EW]+ 1Al [l ]1Zs-
Now since S? is compact, ||1]|zs < ||¢]/ 6, and by Sobolev Embedding (Theorem B.4)

IAIIZs S IVANZ: + IAZ: < Si[A]

and
[0lI7e S NVDIZ2 + 190172 S IV9II72 + ER].
This gives
IVl7: < C(L+Si[ADE[] + CSi[A][[V 72 < Cel| V|72 + C(1 +e)EY,
SO )
176l < € ([ ) elol S €l
for € > 0 small enough. O

Proposition 8.2. For any fired 7 € R and any sufficiently smooth complex scalar field ¥ on & there
exists € > 0 such that if S1[A](T) < e, then

[9[122(7) < (14 S1[Ao) (7)) & [¥]-
Proof. Working similarly to the previous proposition,
19172 S Dol Zz + [1A0¢ll72 < EW]+ 1 Aoll7ellelZa S E[] + [[AolFr 1017
Also [¥1Ze S IV¥lZ2 + #0122, so
19122 S W]+ S1lAo] (IV9I172 + [9122) S (1 +S1[Ao]) EY] + Si[Ao] V12
Proposition 8.1 now gives the result for small S;[A]. O

Proposition 8.3. For any fized 7 € R and any sufficiently smooth complex scalar field i on & one has
B)1Z2(7) < S1[](T)(1 + S1[A](7)).

Proof. This is a simple consequence of the compactness of S? and the Sobolev Embedding Theorem as
above,

1Bel7 S IV¢l7e + 1AL S IVYIZ: + Al l¥lTe S Silv] + Si[A]S:[¥].
O

Proposition 8.4. For any fized 7 € R and any sufficiently smooth complex scalar field 1 on € one has

Dot 72 () < (1 +S1[Ao)(7))S1[¥](7)-
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Proof. This follows from the same splitting and embedding as the previous propositions,

Dot 172 < 191172 + 140w 172 < S1lw](1 + | AollF) S (1+S1[Ao])S1[¥]-
O

Theorem 8.5. For any fixed T € R and any sufficiently smooth complexr scalar field 1 on & there exists
e > 0 such that if S1[A] < €, then
S1[l(r) = E[Y](7).

Proof. Suppose S;[A] is small. Then in particular both S;[A] and S;[Ao] are small, so by Proposition 8.1
IV, < ERY]. By Proposition 8.2, [[¢]|7, < E[Y], so

S1[y] < EY).
Conversely, by Propositions 8.3 and 8.4, |[¢[|2. < Si[¥] and |[Dov[|2. < S1[¢], so
£ S SifY).
]
In particular, £[¢] ~ S1[¢] and E[V¢] ~ S1[V¢]. Since Si[¢] + S1[Y ] ~ Sa[4], one then has
E:10] + £ V9] = S2[9](7) (8.4)
if S1[A](7) is sufficiently small. Similarly,
mzl £V 0] ~ Sle](7)
k=0

if S1[A](7) is sufficiently small.

8.3 Elliptic Estimates

As we have already seen, one useful feature of the Coulomb gauge is that the field equation for Ay becomes
elliptic, B
— AAg +[6]? Ao = — Tm(¢¢). (8.5)

Even though the component Ay is non-dynamical, it still carries energy. This energy is controlled by gb
as follows.

Proposition 8.6. The non-dynamical component Ay satisfies the estimates
IV Aol Z2(7) + |9 Aoll72(7) + [| Aol Z2(7) < 972 (7)

for every fixed T € R.

Proof. Multiplying equation (8.5) by A and integrating, we have

. , 1 1.
IV Aoll> + ll¢ Aoz = */SS m($6) Ao dvs, < Aol z2lI¢llz2 < @ AollZ: + S I4IIZz,

which gives the first two estimates. The third estimate follows from the Poincaré inequality for Ag. [

We will need these estimates to extend energy smallness assumptions on A and ¢ to Ap.
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9 Energy Estimates
9.1 Conservation of Energy
For general a, ¢ one finds that
VT a[a] = M()* (Vas — Vi) ,
VT ap[Y)] = %WDW - %G(w)DTw + Fop Im (D) .
When o, = A, and ¢ = ¢, the field equations M(A), = —Im (¢D,¢) and &(¢) = 0 imply that

VTap[¢, Al = V*(Tap[A] + Tap[0]) = Fopy (Im (¢D"¢) — Im (¢D"¢)) =0

9.2 H! estimates

Consider admissible initial data for the system (6.6). We can make no a priori assumptions about the
smallness of the non-dynamical component Ay, but we will of course be able to extract all the required
information about Ay using the elliptic equation (8.5).

Theorem 9.1. There exists an € > 0 such that if S1[p, A](0) < €, then
S1[¢, Al(7) = S1[4, A)(0)
for all T € R.

Proof. Since V9Ty[¢, A] = 0 and T? = 9, is Killing on €&, integrating e; := V*(T*Ty[¢, A]) = 0 over
the region S? x [0, 7] for any 7 > 0 immediately gives

0= / €1 dv = / Too[(b, A] st3 7/ TOO [(;57 A] dV53,
$3x1[0,7] S3 s3

&9l + E-[A] = &[0, A] = &9, A] = &olo] + E[A]. (9-2)
Now the smallness assumption Si[¢, A](0) < e implies that S1[A](0) < € and S;[¢](0) < ¢, so by

Proposition 8.6
IV AollZ:(0) < S11¢](0) <ce,

and so S1[4](0) < e. Then by Theorem 8.5, £y[¢] ~ S1[#](0). N ow equation (8.2) reads &;[A] ~ S1[A](7),
which in particular holds at 7 = 0, so we have &[¢] + Eo[A] ~ S1[¢](0) + S1[A](0), and so by eq. (9.2)

ie.

Er[o] + € [A] = S1[¢](0) + S1[A4](0).

This means that £-[@] 4+ E-[A] is small too, £;[¢, A] < e. In particular, £, [A] ~ S1[A](7) is small, so again
by Theorem 8.5, & [¢] ~ S1[¢](7). We deduce that

S1[](7) + S1[A](7) ~ S1[¢](0) + S1[A](0) (9-3)

for all 7 > 0. The same argument works for 7 < 0.
O
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9.3 H? estimates
9.3.1 A Nonlinear Gronwall Inequality

Some useful small data nonlinear Gronwall inequalities may be proved by reduction to the standard
Gronwall inequality using a careful change of variables. More precisely, suppose g(7) satisfies a nonlinear
differential inequality, say

g' (1) < F(g(1)).

If we can find a function G such that

G(g(r) = G'(g(r))g'(v) < Gla(r),

then we can apply the standard Gronwall inequality to G(7) := G(g(7)) and possibly invert G(g) to
recover an inequality for g. This will not in general produce an immediately useful statement due to the
nonlinear nature of F' (and hence G), but with a smallness assumption on g(0) the offending terms can
frequently be dealt with. Clearly finding such a G amounts to solving the differential inequality

G'(9)F(g9) < G(g).

Lemma 9.2. Let 7 € [0,1] and f : [0,1] = R be a continuous non-negative function. Suppose f satisfies
the inequality

(7)< £(0) + / " H0)P(f(0)?) do

for some polynomial P with positive coefficients. Then there exists € > 0 small enough such that if
f(0) < g, then
f(r) < Cf(0)

for some C > 1 and all T € [0,1].

Proof. The case when P has order zero is trivial, so assume that P(z) = ZZ:O Pyx® for some d > 0 and
some non-negative real numbers { P };r. We may reduce the inequality as follows,

(7)< £(0) + / " H0)P(J(0)?) do

r d
< F(0)+ /0 3 Pef(0)/*+ do
k=0

d
< f(0) + / > Pf(o)*t do
{0<o<T: f(0)<1} .y

d

+/ Pkf(a)k/2+l do
{0<o<7: f(0)>1} .

, d r d
g g O—d/2+1 g
<f<0)+/0 > Pf(o)d +/O > A

< f(0) + TDf(o-)da+ TDf(a)d/Mda,
0 0

where D = (d + 1) maxy, P;. Now set

9(7') = f(O) + \/(: Df(cr) do + /O"' Df(o_)d/ZJrl do.
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Then f(7) < g(7), £(0) = g(0), and ¢'(7) < Df(r) + Df(r)**** < Dg(r) (1 + g(r)*/?). Defining

—2/(Dd)
G(r) = g(r)!/P D~/ PD (14 g(r)?/?)

and differentiating, one obtains

—2/(Dd)—1
G'(7) = g/ (T)g(r)"/ P D7 PO (1 4 g (7))

—2/(Dd)
<g(r)PDHPD (14 g(ry?2) T

so that G'(7) < G(7). Since T is contained in a compact interval, this gives G(7) < G(0), or equivalently

~2/(Dd) —2/(Dd)
g(r)MP (14 9(r)2) S 9(0)"2 (14 9(0)"?)
< 9(0)/".

Rearranging gives
g(r) 2 < g(0)2 (1+ g(1)"2),

so if g(0) = f(0) is small enough one has g(7)%2 < g(0)%? and so
f(r) < g(7) < Cg(0) < CF(0).
O

Remark 9.3. Clearly the above proof goes through exactly the same with [0, 1] replaced with any interval
[0,7], r € R.

9.3.2 Commutators

Proposition 9.4. One has the following bounds on the commutators of ¥ with the field equation operators
M and &: ) )
IV, MA|g, S|V Al +|VA|+ VA,

and

IV, S1(8)] S |6V Ao| + [0V Ao| + [#A0Y Ao| + V0| + [V A
+]AYG| + Vol + |6V A| + |Ad| + YOV A| + |[pAVA.

Proof. Note that in the following the index i always refers to a contraction with a basis vector field X;.
Recall that the operator M, on A is given by M(A4), = 0A, — WHAO —2A,, so for any ¢

V5, MY (A) 52 = |VDU(A)s — MV, A),
= ‘Wz (DAH - W;},AO - 2AM) - D(WzAu) + Wp,WiAO + QWiAH
= [PV VAL = VIV (XVAA) + Y, XY Ao
<O |IV*Al+VA|+ VA ]
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where the constant C' depends on the geometry of S3. To calculate the other commutator we need a

couple of preliminary formulae. Let 1) be any sufficiently regular complex scalar field. Then
Vi, Dol(v) = V() +iAoyy) — DoVt = i ¥; Ao,
and similarly
[Wia mu] (1/)) = 7(VMXZV)W1//¢) + iniAua
SO
[Yi, DoDol(#) = Do[Y;, Dol(#) + [V, Do](Dog)
= Do (ipV;Ao) + iDopV; Ao
= i¢Y,; Ao + 2i9Y,; Ao — 20 AgY; Ap.
Further, for any vector field V on S3
Vi, D IVH =V,(V, V¥ +iA,VH) = (Y, +iA,) (Y, V*)
= WiWMVM - WMWZ,VM + Z(WzA#)VM
<C [|Y7V| +|V]|+ |VY7A|] ,
where, as before, C' depends on the geometry of S3. Then
[Wi? ]Z)N]DMW = ]Z)M[Wia Dy]¢ + [Ww ]D;L]]Z)M(b
<P (-V,XPV0 + 0V AL) + C[[YDe] + Dol + DoV A
< —AX/V,0 = V. X{V'V,0 + iV VAL +i6Y, VA,
— Z'A“V;LX;/WL@ - ¢A#Wz‘Au
+C |IV°9] + V(A9)| + V6| + |Ag| + |V OVA| + AV A
SVl + Y 6l + [VOVA| + |6V Al + [0V Al + AV
+|pAYVA| +|Ag|.
Putting these together, we have
[Wiv 6]¢ = [Wzv DaDa + 1]¢
= [W'w ])OID(J]Q5 - [V'w ]D#]Dp.]d)
S 16V Aol + |9Y Aol + [ AeY Ao| + [V 6| + V6| + [V 6V Al
+ [0V Al + [0V A| + |AV 9| + [JAVA| + |Ag).

O

Most of the terms in the above estimates we can control by the energy directly, with the exception of
time derivatives of Ay. These terms we shall control using the elliptic equation for Ay and the evolution

equation for ¢.

Proposition 9.5. For any fized 7 € R there exists € > 0 such that if Si[¢] < € and A, satisfies the

strong Coulomb gauge, then .
14071 (7) < Salo)(7)(1 + S1[A](7))*.
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Proof. First note that in the strong Coulomb gauge Ao(7) = 0 for all 7, and so 210(7') =0 for all 7 as
well. Thus || Aoz < ||V Aollz2, and we only need to estimate |V Agl|z2. Differentiating eq. (8.5) in 7,
we have

—Rdo + |9 Ao = — Im(69) — G$A0 — 69 Ao.
Multiplying through by Ay and integrating we have
IV Aol72 + llpAolZ2 < 6 Aol 2lIdll 2 + 2l ¢ Aol L2 [l dAol| 2
which gives ' . ) _
IV Aol 72 + 8l Aol 72 S N7 + ¢4l (9.4)
for some 0 < § < 1. We thus need to estimate ||$HL2, for which we shall use the field equation for ¢,
O + 2iAod — 2iA -V + (1 — A2 + |A? +idg)p = 0.

We estimate B . .

61" S 180" + [Aod|* + [AV G| + [6]° + [ATH[* + |A%[* + | Ago|”. (9.5)

With the exception of the term |Ag¢|?, the right-hand side of eq. (9.5) will be easily controlled as we will
see shortly. To deal with the problematic term we will use smallness of the data. Integrating eq. (9.5)
over the 3-sphere we have

1617 < 1801172 + | AodllZ> + |AV T2 + 6] 72 + [ A5@II72 + [1AG]Z2 + | Aodl 7
S 1917 + 140l ZsllSl1Ze + 1 AlZ: 11Vl 70
+ Aol zollolZe + IANIZs 0l 70 + [l Aol75 6] 70
S 1907 + 1 Aol 811 + 1A F 1117
+ [ Aoz 6l + 1A IE 1o lEn + [AolZn l13
< So[@] + S1[A]S2[¢] + S1[A]S2[¢] + S1[A]*S1[g] + S1[A]*S1[¢] + || Aol[: S1[9)
< Saf@](1 + S1[A)? + [ Ao 711 [4].

Putting this into eq. (9.4) gives
[V Aol|22 < S2[8](1 + S1[A])? + || Ao |22 S1 9],
so provided S;[¢] is sufficiently small the Poincaré inequality gives

IV Aol32 < Sa[¢](1 + Si[A])*

9.3.3 Estimate Algebra

For ease of presentation we outline a schematic procedure to track how we bound the various terms arising
in our H? estimates. The idea is simply to track the number of derivatives and their Sobolev exponents
of the error terms and check that they do not exceed certain critical values. Let f denote either A or ¢,

let O denote either the S3-derivatives V¥ or the 7-derivative 0;, and let % denote either W2 or 9, ¥ (that
is, not 82). Then all the error terms that we encounter will in fact be of the form

102 1™ 01" Ll 52,
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where m, k, and | are non-negative integers and in particular m =0, 1, or 2.
If m =0, we have

HOFI*LA e < 1F e 1OF -

Now since S? is compact, the Lebesgue spaces LP(S%) form a decreasing sequence in p,
L®(S3) e oo e LP(S?) e - - e LY(S?) = -+ = L}(S?),

p > ¢, where < denotes continuous inclusion. As S? has dimension 3, by Sobolev Embedding we also
have
HY(S?) < L(S?) and H2(S?) < C*3(S?) — L=(S%),
so provided k < 6 we have
O£ L S HAISNAIS = 115+,
where )
I £ll2 = I fll 2 (s3)y + 11 f 1| 2 s3)

(notice that the norm || - ||3 is the familiar Sobolev-type energy Ss).
If m = 1, we perform the splitting

O F110F ¥ £ 1 = / 0% fIlOf[F| £!
< / 212 + / OS2 1F12 < A2 + 1191241 £ 1.

Now provided 2k < 6, the second term in the above may be dealt with as in the case m = 0, so we
have

N FIOF1F1 A e < NI + NI,

Finally, when m = 2 it will in fact turn out that % is necessarily zero, so we will have

102 FPL e < N I3 < 1572

It will thus be sufficient to use the following prescription. For terms involving no |9%f| (i.e. m = 0) we

shall check if k < 6, and if so, conclude that the term is bounded by ||f||5™'; for terms involving |02 f|

(i.e. m = 1), we shall check if k¥ < 3, and if so, conclude that the term is bounded by || f||2 + Hf||§(k+l);

finally, for terms with m = 2 we shall check that k£ = 0, and if so, conclude that these are bounded by
| 11572, In the estimates that follow we will write down a term to be estimated,

0 FI™0 51" 111
and underneath note down its ‘signature’ (m, k,!), as in

1™ 0f 1*1 £

(m,k,l)

If the criteria outlined above are met (that is, k < 6 for m =0, k < 3 for m = 1, and k = 0 for m = 2),
we shall tick the triplet,

1" 0fI*1 £

(m,k, D)V

Altogether this notation will thus mean that
0% FI™ D f1F1 1l rss) S QUISM2)

for some polynomial @@ with positive coefficients.
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9.3.4 H? Error Terms

We now take o

=V,;A, and ¢ = ¥V, in eq. (9.1) and estimate the second order error terms

ey = ZTb (vaTab[WiA] + vaTab[Wi(b]) :

Equation (9.1) gives

=>4y (V,.¥:40 - VA,

> (3807:01D0(T:0) + §&(T,0)DulF 0] — (Vo — A, (V.0 V,0) )

= e2 + e27

and we consider e} and e separately. We have

and

lea| =

3] =

Z —IM(Y, A (Y, VAo — VA,
< Z\ (VA" — ¥, M(A)") (7,740 — VA,

< Y (619)| [W Aol + ¥ Aol + |V A|
+ [P AL+ VAl + ¥ Aol] [I9° Aol + ¥ Ao| + VAl
S [IV6 + 19llol| Al + ¥ 76lle] + [T All6] + [Follel|Al] [|F°Ao] + ¥ 40| + [T Al
+ [IV°Al+ WAL+ VAol | [I9° A0l + ¥ 40| + [V A
S 192 l|Yol" + V7 Aol Vol Al + 9 A0l|F ollo] + |9 Aol Y Al

(1,2,0)v (1,1,2)v
+ Y2 Aol |V ¢lI6]| Al + |V Ao ||V ¢l + IVAo||Y7¢||¢||A| +y° ¢>\|Y7Ao|\¢|
(112/ 050/ ()22‘/ (1,1,1)v
+|YAo||[VA|g]* + |Y7A0|W7¢||¢||A| +|VA|[Y¢I* + [VA|[Ygll¢l|A|
022 v 120 v 112
+|YA[Y® ¢||¢>| + IWAIIVA||¢| + IVAHV¢||¢||A| +v° AoHW Al + |V Ao| YA
(2,0,1) (1,1,2) (1,1,0)v
+ Y (A0|\)Y7A0| +|v? A||Y7A0\ + |Y7A0|W7A\ + |Y7A0|W7A0| + |Y7 A||Y7A|
2,0,0)v"

+|VA[VA| + IWAoHVA\

(1,1,0)v (2,0,0)v

(1 (V. 0Do(Y.6) + 56(Y.)Do(V.6) — (V. 4o — A) Im(v,w“ws))'

Z [16(Y:6)IIDo(Y:6)| + ¥ 40 — Al|¥lBY ]|
SNV S [IV:6]+140F 0] + [IVAo| + |AL] V0] [[V°0] + [AVS] + V]

S (169 40| + 0¥ Aol + [640Y Ao| + [¥76] + [6Y Al + ¥ Aol Y91 + | AlIV ol
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+ AV 6|+ V6| + [6T Al + |Ad] + VoV Al + [6AVA] [IYd] + 40|
+ V0V AoV 6] + ¥ Aol Y6 |A| + Y S|V I A| + VoI |All A + ¥ Aol | VI

+A|[Yol
SV Aol + IVAoI\W¢|I¢I + |Y7¢\IY7A0|\¢IIA0\ +1v° ¢>HY7¢| +1v? AIIW¢|I¢I
(1,2,0)v (2,0,0)v (2,0,1)
+[VolVollAl+ IWHWI + |Y7¢|\Y7AH¢>I + |Y7¢>I\A\|¢>I + V9|Vl VA
(1,1,1)v (1,1,0)v (1,1,1)v (1,0,2)v (1,2,0)v
+ |Y7¢>\|Y7AIIAI\¢I + |Y7¢|I¢>HY7A0HAoI + IWAoHWa;HjSIIAoI + IWAoHOYé@SHfIIAo\
1,1 3
+1v° <(151H}71¢>||Ao\ +1v° AI1Y17<§H¢HA0| + |Y7¢[|) 2|f21o||A| + IWI IAo\ + IWHVAIchHAoI

+ |Y7¢\|¢>I\on|IA| + \WI IVAHAol + |Y7¢HY7AIII¢||A0HA\ + |77 ¢|\Y7¢|IY7A0\
+|Y7¢\ WAollAIHV ¢|IY7¢HA|+|W¢I |A||A|+W7¢| |Y7Ao|+\Y7¢| A

2,0)v (0,3,0)v (0,3,0)v

Altogether this says that
lea]lr(s) S QY (1(6, A, Ao)ll2)

for some polynomial Q'Y with positive coefficients. An inspection of the triplets (m,k,l) above shows
that each error term contains at least one full power of || f||3, so in fact

leallz < 60 A, A0)BQ™ (1I(. A, Ao) |12
< (Salo. A1+ Ao li3n ) (@ (82l 4172) + Q" (Iollin ))

for polynomials QUM Now by Proposition 9.5, || Ao[|%: < S2[#](1+S1[A])%. At this point we can either

assume the first order estimates (Theorem 9.1), or bound [|Ag||%: by a polynomial in Sa[¢, A] of degree
higher than one; both methods are fine, but we will need to assume the first order estimates to close the
second order ones anyway, so assuming S1[¢, A] < 1 we have || Ao||%: < S2[¢, A]. Hence for any fixed 7

lezllzr (7) S Salo, AP (Salo, Al(7)2) (9.6)

for some polynomial P.

Theorem 9.6. Let I be a fized compact interval in R containing zero. There exists € > 0 such that if
So[#, A](0) < e, then

SQ[¢7 A](T) = SQ[QSa A](O)
for all T € 1.

Proof. Integrating ey over the region S x [0, 7], 7 > 0,

/ e dv = / / eg(0) dvg, do
$3x[0,7] g8

Z H[Yio] + €[V A]) — Z (EolVi¢] + &V, A]) -

i

From Theorem 9.1 we know that Si[¢, A](7) =~ S1[¢, A](0), and also that &, [A] ~ S1[A](7) and &;[¢] ~
S1[#](7) for all 7. Furthermore, we have that S;[A](7) is small, so by eq. (8.4)

&8+ Z&[W} ~ So[g](7).

(9.7)
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By eq. (8.3),
[A] + Z VAl = S2[A](7),

so adding &;[¢, A] = Ey[p, A] to both sides of eq. (9.7) we have

Z (Vi) + &V A]) = &, A +Z (&olY 9] + £0lV;A))

—|—/ / e2(0) dvs, do,
0o Jss

Salo, A](7) = Sa[, 4] //S o) dve, do.

or equivalently

Now eq. (9.6) gives

S2[¢a ]( ) N SQ ¢> / He2||L1(S3)
< S2(¢, A / Sal, A (Sz[(b, A)(0)"/?) do.

By Lemma 9.2,
Sa2[¢, AJ(7) < S2[, A)(0)
for 7 € I. Equation (9.8) similarly shows that Sz[¢, A](0) < Sa[¢, A](7), and so

S2[, Al(T) =~ S2[4, AJ(0).

for all 7 € I. In particular, picking I large enough to contain [—7/2, /2] shows

Sa2[¢, A](S ) = Sa[o, AJ(ST).

10 Higher Order Estimates

From here it is straightforward to play the same game for higher order estimates. It is clear that if for a

given 7 and m > 1 the (m + 1)-th Sobolev energy S;,+1[®, A](7) is small enough, then

S &V 0] > Spraldl(r) and Y E Y A] = Sy [Al(7),
k=0

k=0

where as before &, [Wk(b] = Zil ..... ive{1,2,3) E. [V“ .. Wzk ¢], and similarly for A,. We suppress sums over

the basis vector fields {X;} from now. It is clear that to prove that

Sm+1 [¢, A](T) ~ Sm+1[¢7 A](O)

it is enough to prove the estimate

lemtllz () S Sms1léy AUTIP (Smsalg, Al (1) 2)
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for a polynomial P, since then the proof of eq. (10.1) goes through exactly as in the proof of Theorem 9.6.

Now because
Hm+1(S3) N Cm—l(SZi),

in our (m + 1)-th order estimates we need only track derivatives of order m and higher, since all the
others will be L*°-controlled by S,,+1. More precisely, since the S,,;1 energies control the L> norms

of Wm_qu, VA V" 20 and Y CA, we will only track terms of higher order than these (and also
Ay, which we will deal with separately as before). As before, one can write down the bounds for the
commutators of Y with the field equation operators 9 and &, acting this time on a general 1-form «
and a general scalar field v,

HW’ m](a)‘gs 5 |V2a| + ‘WOZ0| + l.O.t.S,

and

IV, ©]()| S [6¥ Aol + [$F Ao| + [V 0| + [T A| + Lo.ts,

where the lower order terms are terms that are of order one or zero in derivatives of «, A, or . Now
estimate the (m + 1)-th error term:

emi1 :=T" (V'Tau[V" Al + V*Tu[Y " ¢])
= T (MY A)" (V¥ A)s = Vo(Y" A)a) + Re (S(Y76)Do(¥ "))
+ (Vady = Vo da) Tm (Y7 3D“Y ") )
< PRV A (Y, (V" A0) = Y7 Ay + [Re (8(F™¢)Da(¥"6) |
+ (7,40 — &) Im (Y7 68" Y™ 6) |
S P Ao [[97 Aol + [P Al| + [T 0)| [I97 ] + 40l I¥ "6
+ 17 Aol + AL [P 6lIF™ 61 + IV Gl AV 9]| +Lo.t.s
S 197 Aol + VAl [ [97 A + (Y7, WA | + [ |97 6(9)]
19", &16)| 1Yl + Y GlIY™ " 6| [|¥ Ao + |Al] +1o.ts
S [V A0 + 19T AL| (197 (6B9)] + 197 IV, (A + (1Y, 9| (7 A) ]

+ IV [IY" IV, Sl@)] + 1V, 81V )] + 197 lY ™ 6l [I¥ Aol + 1Al
+lo.t.s

< [197 aol 9A] |97 (09 0+ A%+ |77 TA + Vo 4 Loas)

—+

9 AL 4 Y Aol + l.o.t.s}

+Y" 9l [ ]Wm’l(WAo OV A0+ Y0+ oV A + l.o.t.s)‘
HIY" TV Aol + YT IV Aol + [V ] + \Wm‘1¢||y72A|]
+IYT Y™l 19 o] + [A]] +Lo.ts

m

STV 0+ Y (A + VT AL+ Y Aol

k=0

< [P Ao + 197 Al
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k=0 k=0

+[Y" | [ STV TRV Aol + D YT TGP Ao + [P g

+ Z ‘Vm717k¢‘|vk+2A|

k=0

1YY" 6] [V Aol + Al +Los

9" ol + (9 AL] |9 0l1] + [olIY " o + 619l + lelIAIT o

S |
FIYTTA IW"’Aol} +[Y" | {IW’“AM Y™ IV Aol + 1Y Ao
Y 19 AL (90 0 Lo

Soye, (977 Al 9L [I97014 F7 01 197 AL+ 9L 9|

IS [IV’"AO\ YT Y Ao+ 9 g+ W’"“A@ LYY g
+ l.o.t.s
Sargz, (197 Aol +197 Al [Ivm“as\ +IY" AL+ \W’”Ao@ + 17"l {IW”LAOI

m+1
FIY" TG+ Y Ao + [V | + W”“Al] HIY"SY™ ¢ + Lo.tus
Sea [P Al Y™ gl + Y Al [P AL+ [ Aol [P Ao
FIYTAY T |+ YAV A+ YAV Ao| + [V IV Ao
FIYTBIY™ O+ YY" Aol + (YY" g+ VSV A
+ 1YY" ¢ + Lo.tus,

where by §81/2 we mean “bounded up to a polynomial in S:,{?H”. Note also that, like in the estimate
m—+1

of Section 9.3.4 where the triplets (m, k,l) sum to at least two, the lower order terms in the above are
at least quadratic in the fields so that one can control them by a full power of S,,+;. Furthermore,
inspecting the leading order terms in the above one sees that, with the exception of v" Ao, they are all
easily controlled by S, 41:

11 . . . . .
lem+1llz: Ssl/il Smit + Y™ AV Aol + IV AY™ Aol + IV V™ Ao 0
Ssirz, Smar+ [ Aol Fm-
As in Proposition 9.5, standard elliptic and wave equation estimates inductively show that for small S,,,

HAOH?'-I’" SS;{Q STYL-‘,—lv (103)

so altogether we have
1/2
lemllzr € Smr1P(Sii)

for some polynomial P.
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11 Proof of Theorem 5.2

The m = 1 case is trivial, while for m = 2 we have already proved the estimates Sy, [p, A](T) = S, [#, A](0)
and || Ao||%m-1(7) < Sm[@, A](7) for small initial data. We proceed by induction. Suppose the estimates

S, A(T) = Sn[@, A(0) and || Ao[| -1 (7) S Smle, Al(7)

hold for some m € N provided S,,[¢, A](0) is small enough. The second of these is immediate for m+1 by
eq. (10.3), which then implies eq. (10.2). Arguing as in the proof of Theorem 9.6 and applying Lemma 9.2
then gives eq. (10.1). ]

12 Proof of Theorem 5.3

We restrict ourselves to the case of £, the case of .#~ being analogous. Pick admissible initial data
ug on 3 such that S,,[¢, A](X) is small enough. Then S,,[¢, A](X) < g for some small €9 > 0, and by
Corollary 7.2 there exists a solution (¢, A,) in E,, = (o CF(I; H™*) to the system eq. (6.6) unique
up to trivial gauge transformations such that I contains [—7/2,7/2]. Since the solution (¢, A,) is at least
Clin 1 form > 2 u=(¢A, b, A,Ao) has a well-defined restriction to .#*. This defines the forward
wave operator

Th.sY St

m,eo

Ug —— ut = (d)vAvQ.SvAaAO)Lﬂ‘*‘
By Theorem 5.2, whenever g is small enough we have the estimate
Smlé, A|(FT) < CSplo, A|(B) < Cep =: &1, (12.1)

so the operator T} is bounded. The data u™ on T has size at most &1 = Ceg, so reducing &g if
necessary, we can evolve u* backwards in time to find data @y on X. But by uniqueness ug = %g. Thus
the map T! is injective for £y small enough.
Now restrict the co-domain of T, to its image:
TIL : S’fOn,E() — EIL(SSTL,SU) = @’;V‘rl,sl'
By definition, T}, is now surjective and so bijective, and from the estimate (12.1) it is clear that 7}, _ C
ShA The operator ¥, is thus invertible and satisfies the bounds

m,eq*

1T uol,, < lluolls,, and [I(T3)~ ™5, < lutl,

m N m N

for uy € S° ut € 9F

m,eqg? m,eq”
Indeed, if v+ € S, has small enough norm, say [[v™|
C§ < g9, and so (T} ) tot € SY

m,eo”

Furthermore, the set :@ﬂ'*;61 contains a small ball around the origin in S;}.
% < § < g, then ||(T}) 1ot % < C\|U+H§ <
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Figure 6: The image of a small ball under the forward wave operator T',.

Constructing the scattering operator is now simply a matter of composing the inverse backward wave
operator and the forward wave operator. We define
Sm Dpey — .@,jm,
S =T h o (T )7

m

Then .#,, is invertible with inverse .7, = T o (T} )~!, and the estimates
lu* 18, = lu |8,

for u* € @7%751 follow from the estimates for T . |

Remark 12.1. It is not immediately clear what the set @nt’s , looks like, for two reasons. Firstly, the sets
S£0 are not vector spaces since admissible initial data is not additive. Secondly, the fact that T} is a
nonlinear operator precludes any straightforward application of the open mapping theorem, so it is not
even obvious that @ﬁﬁ is open and connected. Nonetheless, by symmetry it is clear that the set of past
asymptotic data &, ., and the set of future asymptotic data 2, _ are of the same ‘size’ in the sense
that they are contained in balls of the same radius in S, and S; respectively.

Remark 12.2. The lack of vector space structure on the domains of definition of the operators T and
Zm makes it difficult to discuss their regularity beyond boundedness. This lack of vector space structure
stems, most importantly, from the constraint equations in the system (6.6). It is fairly easy to see that
any extension of e.g. .7, off the constraint surface that preserves boundedness will automatically be
continuous at the zero solution, but continuity at more general solutions will require a more careful
analysis of (6.6) linearized around said solution, as well as a choice of extension. Differentiability will
pose further complications.

13 Proof of Theorem 5.4

Suppose Sm[é7 A](n = 0) is small. We derive the asymptotics for .#*, the ones for .#~ being analogous.
By eq. (4.8), Siu[¢, A](T = 0) is small too, and Ay estimates imply that the full S,,[¢, A](7 = 0) is small.
Then according to our estimates and Sobolev embeddings, ¢, A and A( are continuous on all of &§4 with
a C™ 2 trace on £ .
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Let m = 2. Then ¢ = Q~'¢ has a continuous limit on .#*, so

~ 1

<O< = < eHn
as 7 — ~+oo. The timelike component of A, is Ay = 0%A, = H~! cosh(Hn)02A, = H~' cosh(Hn)A,
and has a continuous limit on .# 7, so similarly

|/~1n| N ek
as ) — 4o00. Finally the S® components of A are

H2

Al = —e"AA, = Q2 5PAA, = Q0 ————
A, b g afth coshz(Hn)

sgwAHAV = |A|§37
50 |Als, < 1.

Next work in the static coordinates (4.4). These coordinates are only appropriate in region I of
Figure 4 since they become singular on the horizons r = 1/H, and 9; is spacelike in regions II and IV
and past-pointing in region III. Following the flow of the vector field 9, in region I, one is forced to the
top right corner of Figure 5 as t — -+oo. A preferred point on .# 1 has therefore been singled out for
an observer following the flow of J;; this point is the timelike infinity for observers living in region I of
Figure 4.

In these coordinates the conformal factor €2 is given by

. m 1
~ cosh(Ht) \/F,(r)’

where Fy(r) = 1 — tanh?(Ht)H?r?. Keeping r fixed, for the scalar field we then have
9l Qg et

as t — 4o00. For the Maxwell potential we find the relations

A, = H? sech®(Ht)Fy(r) ! (frF(r)l/Q sinh(Ht)A¢ + H ' F(r)Y/? cosh(Ht)AT) :

A, = B2 sech?(HOFy(r) ™" (H'F(r) ™2 cosh(Ht) A — rF(r)™ "/ sinh(H1) A, )
Since A¢ and A, have continuous limits as ¢ — 4oo for r fixed, we have

|A;| <, e Bt and A, <, e HE
Expanding the 3-sphere norm |A|§3,
AR, = A+ AR, 1
sin“ ¢

< sin ¢, where one computes sin ¢ = sech(Ht)HrFy(r)~'/2. Thus

~

we see that |Als,
1 -
7|A|52 Sﬂ“ e_Ht
,

as t — +oo.

35



Now suppose m = 3. This in particular means that

Vol* = (0c0)* + V2]

sin’ ¢
has a continuous limit on .# T, and so d¢¢ and (sin¢)~![V*2¢| do too. Since ¢ scales conformally as
¢ = Q"1¢, one computes

dcp = H™ ' cosh(Ht)Fy(r)/? (7’F(7")*1/2 sinh(Ht)d;¢
i (13.1)
+ H'F(r)/? cosh(Ht)@T(é)
and
-+ (0-0)0 ¢ = H™' cosh(Ht)Fy(r)*/? (H_lF(T)_l/2 cosh(Ht)0,¢
i (13.2)
+rF(r)Y/? sinh(Ht)arqS).
Since Q9 ¢ and Q9;¢ + (9;92)¢ have continuous limits on .# T, one sees that
040 Sr et and  [9,0] S e

as t — +oo. For the S? derivatives, the fact that (sin¢)~[V®2¢| = Q~(sin¢)~!|V*2¢| has a continuous
limit on £ implies that

‘ivszé‘ <, e 2Ht (13.3)

as t = +00. Let us study the e #* component of (57

Q= thgZ;.
Rewriting eq. (13.1) and eq. (13.2) in terms of (¢, one has

O (e7 ") = rF(r)~Y?sinh(Ht)e " (8¢ — Hp) + H™'F(r)"/? cosh(Ht)e 10,3
and
O (e_Ht) — F(r)l/2 sinh(Ht)e '@ = H_lF(T)_l/2 cosh(Ht)e 719, — HY)
+ rF(r)Y? sinh(Ht)e 719,

which taking the limit £ — 400 become

0~ Hroyp — H*rp + Fo,¢,
—HF$ ~ 0, — Hp + HrFo,¢,

where ~ denotes equality at t = +0c0. Solving these algebraically shows that 0;¢ =~ 0 and
H*rg ~ F(r)o,¢.

The bound (13.3) shows that at t = 4oo the function ¢ is independent of the S? coordinates, so the
above equation is an ODE in r, with solution




We conclude that there exists a constant ¢ such that
¢~ cF(r) Y2 Ht L O (e ast — +oc.

as t — +o00. One can check by hand that <f>1(t, r) = F(r)~'/2e=H is the eigenfunction of the uncharged
(A, = 0) spherically symmetric conformally invariant wave operator

O+ éfz — F(r)"'0? - %ar (rF(r)d,) + 2H>

with eigenvalue H?2. [ |
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A The Geometry of S?

A.1 Projection onto Divergence Free 1-Forms

Let * denote the Hodge star operator on S? and d the exterior derivative on S?. Let A be a 1-form and
f a function on S3, and write

curl A := xdA,
divA :=xdx A,
grad f == df.

It is easy to check that the definitions of div A and grad f coincide with the notions of div and grad in
terms of the Levi-Civita connection ¥ on S3, that is div A = W“A“ and (grad f), = Wﬂf. With these
definitions

curl(curl A) — grad(divA) = xd *dA —dxd*x A = §dA + ddA = —A(I)A,
where 0 := (—1)3% x dx is the codifferential acting on k-forms on S* and the operator
AW T(A'S?) — T(ALSY),
AW = 5d + s,

is the Hodge Laplacian on l-forms on S3. The operator 4&(1)

can be extended to act on arbitrary k-
forms in the obvious way (giving a number of operators 4&( ), if one wishes to distinguish between their

domains), but it is important to note that if & # 0 the action of A(k) differs from the connection Laplacian
A= W”VH in a way that depends on the degree of the forms it is acting on. The difference is given by
the Weitzenbock formula, which in the case of 1-forms is known as Bochner’s theorem (see §2.2.2 of [51]).

Theorem A.1 (Bochner’s Theorem). Let (N, g) be a Riemannian manifold with a positive definite metric
g and let V be the Levi-Civita connection of g. Considered as operators T(A*N) — T'(A*WN), the Hodge
Laplacian A and the connection Laplacian A = V.V are related by
~AW = A+ R,
where R is the scalar curvature of g.
If ¥ =S3, we thus have
. A(l) — A—6.
Now suppose that A € T'(A'S?) satisfies the Coulomb gauge div A = 0. Then

1)

curl(curl A) = 74&( A= (A-6)A.
Given any A € T'(A'S?), the elliptic equation
(A —6)B = curl(curl A) (A1)

on S? has a unique solution B € T'(A'S3). This allows us to define the projection onto divergence free
1-forms P : T(A'S?) — T(A!S?),

PA = (A —6)"'curl(curl A).
By construction, for any A satisfying divA = 0, PA = A, and divPB = 0 for any B. This second
identity follows by commuting the div operator into the equation (A.1). Furthermore, for any function f

P(grad f) = (A — 6) " (curl(curl(grad f))) = (A —6)"'(0) = 0.
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A.2 Christoffel symbols and Curvature Tensors

Proposition A.2. Since S is mazimally symmetric, the Ricci R, = Ry, (s3) and Riemann Ry, =
Ry p0(53) tensors of S* are expressible entirely in terms of the metric s3,

Ry = —2(53) v,

and
Rypo = (53)pu(53)u0 - (53)Va(53)up-

The scalar curvature of S is R(s3) = —6.

Proposition A.3. In the coordinates (1,(,0,¢) the non-zero Christoffel symbols of the metric ¢ are

F§9:*SiHCCOSC7 Féqﬁ:fsin2t9sinCcos<7
Fga =cot( = FZQ FZ¢ = —sinfcosf,
¢ _ _1° ¢ _ _1°
F(¢—C0tC—F¢<7 P9¢—Cot9—r¢9.

Proposition A.4. In the coordinates (1,(,0,¢) the non-zero components of the Ricci tensor of ¢ are
Ree = =2, Rgg = —2 sin? ¢, Ryp = —2 sin? ¢ sin? 6.

In fact,
Rab =-2 (0 @53) )

and the scalar curvature is thus
R =6.

Proposition A.5. In the coordinates (1,(, 0, @) the non-zero components of the Riemann tensor of ¢ are

Reyp = —sin® ¢ = —R%y,,, RS,y = —sin®(sin® 0 = RS,

R0<<0 =1= —Recec’ R9¢9¢ = —sin2Cs1n2 0= —R€¢¢9,
¢ _q1_ _pob 6 2, pb

Rieg=1= Ry Ry =sin” ¢ = —R%,,.

B The Sobolev Embedding Theorem

The following definitions and theorems can be found in chapter 2 of [2].

Definition B.1. Let (M, g) be a smooth Riemannian manifold of dimension n. For a real function ¢
belonging to C*(M), k > 0 an integer, we define

|VEQ|? = (V1V22 .. . V%®) (Va,Va, ... Va,0),

and denote by €*P the vector space of C* functions ¢ such that |V!¢| € LP(M) for all 0 < I < k and
p = 1 a real number.

Definition B.2. The Sobolev space W*P?(M) is the completion of €¥? with respect to the norm

k
[@llwens =D IV'll,.

=0

The space W*P(M) does not depend on the Riemannian metric g (Theorem 2.20, [2]).
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Theorem B.3. Let M be a smooth compact Riemannian manifold of dimension n, let k, 1 be integers
with k > 1> 0, and let p, q be real numbers with 1 < q < p satisfying

11 (k1)

p q n

Then
Wk (M) c WhP(M),

and the identity operator is continuous (the embedding is compact).

Moreover, if
(k—r—a) < 1

)

n

s}

then
Wk(M) c C™(M),

and the identity operator is continuous (the embedding is compact). Here r > 0 is an integer, o is a real
number satisfying 0 < a < 1, C™ s the space of C" functions the rth derivatives of which belong to
C®, C" is the space of functions ¢ of finite ||¢||cr == maxo<i<,sup |Viu| norm, and C* is the space of
functions of finite [|gllce = sup 6| +supp_o{|6(P) — H(Q)IA(P, @)~} norm.

Theorem B.4. Let M be a smooth compact Riemannian manifold of dimension n and let the real
numbers p, q satisfy

1 1

S_Zso.

q n

q4(€) such that every ¢ € WH4(M) satisfies

1 p—
p
Then for every € > 0 there exists a constant A

19llp < (K(n,9) +2) [VEllg + Ag(e)llg,

where K(n, q) is the smallest constant having this property and is given by

ina = (1) (n?q_—qn)é (rearens 1+—1)n/q>wn1>i

for1 <g<mn and
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